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1. Let X be a Banach space and M, N are closed subspaces such that
M ∩ N = {0} and X = M + N . Show that P : X → M defined by
p(m + n) = m is a continuous, linear projection.

2. Let T : L2[0, 1] → L2[0, 1] be defined by (Tf)(x) = i
1∫

0

K(x, y) f(y) dy

where

K(x, y) = 1 if y ≤ x
= −1 otherwise.

(Here f ∈ L2[0, 1], x, y ∈ [0, 1].) Find the eigenvalues of T .

3. Let X be a Banach space and let {Tn}n≥1 be a sequence of compact
operators such that Tn(x) → (x) ∀ x ∈ X. Show that {Tn}n≥1 in a
one-sided approximate identity of the Banach algebra K(X).

4. Let X be a Banach space and let T : X → X be a bounded linear
operators. If the range of T ∗ is closed. Show that range of T is closed.

5. Show that K(`2) is a separable Banach space.

6. Let A be a C∗-algebra of compact operators such that A has no non-
trivial ideals. Show that A is isometric to K(H1) for some Hilbert space
H1.

7. Show that any C∗-algebra without identity can be embedded as an
ideal in a C∗-algebra with identity.

8. Let f be a state on a C∗-algebra A with identity. Show that there is
a representation π of A on a Hilbert space H and a ξ ∈ H such that
f(x) = 〈π(x)ξ, ξ〉.

9. Show that the set of positive elements of a C∗-algebra with identity is
a convex set.

10. Let Â be the C∗-algebra obtained by adjoining the identity e, to the
C∗-algebra A. Let f : A → C be a bounded positive linear map. Show
that f̂ : Ã → C defined by f̂(x + λe) = f(x) + λ‖f‖ is a positive linear
functional.


